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Abstract. A caloric model, which describes the pressure–density–internal-energy relationship
in a broad region of condensed-phase states, is applied for tungsten. As distinct from previously
known caloric equations of state for this material, a new form of the cold-compression curve
at T = 0 K is used. Thermodynamic characteristics along the cold curve and shock Hugoniots
are calculated for the metal and compared with some theoretical results and experimental data
available at high energy densities.
Tungsten and its alloys are widely used in technologies as structural materials working under
extreme conditions involving high mechanical and thermal influences [1–4]. An equation of
state (EOS) for tungsten is of interest to use in hydrodynamic simulations of processes at high
energy densities [5–11]. In this work, a caloric EOS P = P (V,E), which provides an adequate
description of thermodynamic properties of tungsten in condensed-phase states over a wide range
of densities and internal energies, is presented. Here, P is the pressure, V = ρ−1 is the specific
volume, ρ is the density, E is the specific internal energy. In contrast to the EOSs derived for
this metal previously [12–19], a method [20] for calculation of the curve of cold compression at
T = 0 K is used.
The EOS model is formulated in the general form as
P (V,E) = Pc(V ) +
Γ(V,E)
V
[E − Ec(V )] , (1)
where Ec(V ) and Pc(V ) = −dEc/dV are the cold components of energy and pressure at T = 0 K,
and Γ(V,E) is a coefficient determining the contribution of thermal components of EOS.
The cold interaction energy in the compression region (σc > 1, where σc = V0c/V , V0c is the
specific volume at P = 0 and T = 0 K) is given by the relation [20]
Ec(V ) = V0ca0 lnσc − V0c
6∑
i=1
3ai
i
(
σ−i/3c − 1
)
+ V0c
2∑
i=1
3bi
i
(
σi/3c − 1
)
, (2)
providing for the condition
Ec(V0c) = 0. (3)
As can be readily seen, differentiation of the energy (2) with respect to volume yields an
equation for the pressure Pc(V ), which is analogous to the relation proposed previously [21]
as an expansion of the Thomas–Fermi model in powers of the atomic cell radius rc ∼ σc
−1/3.
The value of coefficient b2 in equation (2) is determined from the condition of coincidence with
the model of degenerate ideal Fermi-gas of non-relativistic electrons [22] at high compression
ratios σc & 10
3–104,
b2 = Z
5/3 1
5
(
3pi2
)2/3
a2BEH (AmuV0c)
−5/3 , (4)
where EH is the Hartree energy, aB is the Bohr atomic radius, mu is the atomic mass unit
(amu), A is the atomic mass (in amu), Z is the atomic number of the element.
In order to find the coefficients b1 and ai in equation (2), one need solve the problem of
minimization of the root-mean-square deviation of pressure at some values of volume in the
range σc = 50–10
3 from the results of calculation using the Thomas–Fermi model with quantum
and exchange corrections [23] taking into account the conditions for the pressure, bulk modulus
and its derivative with respect to pressure at σc = 1:
Pc(V0c) = 0, (5)
Bc(V0c) = −V dPc/dV = B0c, (6)
B′c(V0c) = dBc/dPc = B
′
0c. (7)
The problem of conditional minimization is solved with the introduction of Lagrange factors [13].
The values of the parameters V0c, B0c and B
′
0c are fitted by iterations so as to satisfy under
normal conditions the value of specific volume V0 and the values of isentropic compression
modulus BS = −V (∂P/∂V )S = BS0 and its pressure derivative B
′
S = (∂BS/∂P )S = B
′
S0
determined from the data of static and shock compressibility measurements.
The energy on the cold curve in the rarefaction region (σc < 1) is given by the polynomial
Ec(V ) = V0c
(
σmc
am
m
+ σnc
an
n
− σlc
am + an
l
)
+ Esub, (8)
which provides for the value of the sublimation energy Ec = Esub at V → ∞ as well as for
the condition (5). The requirement to satisfy equations (3), (6) and (7) leaves only two free
parameters (l and n) in equation (8).
The functional dependence of the coefficient Γ upon the volume and internal energy is defined
analogously to the caloric model [13] in the following form:
Γ(V,E) = γi +
γc(V )− γi
1 + σ−2/3 [E − Ec(V )] /Ea
, (9)
where σ = V0/V , γc(V ) corresponds to the case of low thermal energies, and γi characterizes
the region of highly heated condensed substance. The anharmonicity energy Ea, which sets the
thermal energy of a transition from one limiting case to another, is determined from the results
of shock-wave experiments at high pressures.
The volume dependence of the cold component of Γ is defined as [24]
γc(V ) = 2/3 + (γ0c − 2/3)
σ2n + ln
2 σm
σ2n + ln
2(σ/σm)
, (10)
where
γ0c = γi + (γ0 − γi)
[
1 +
E0 − Ec(V0)
Ea
]2
, (11)
E0 and γ0 are the values of specific internal energy and Gru¨neisen coefficient γ = V (∂P/∂E)V
under normal conditions. The form of γc(V ) ensures validity of the condition γ(V0, E0) = γ0,
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Figure 1. The cold curve of tungsten at T = 0 K. Theoretical results: K1—the Thomas–Fermi
model with corrections [23]. Approximation curves: A—[12], B—[16], C—this work.
and gives the asymptotic value γc = 2/3 in the limiting cases of low and high compression ratios.
The parameters σn and σm are determined from the requirement of optimum fit to experimental
data on shock compressibility of porous samples of a substance in question.
The coefficients of the equation of state for tungsten within the framework of the model
(1)–(11) are as follows: V0 = 0.05202, V0c = 0.05188, a0 = 357809.521, a1 = −80307.729, a2 =
−1209123.702, a3 = 2665469.845, a4 = −2635467.484, a5 = 1294811.638, a6 = −256243.391,
b1 = −167421.703, b2 = 30473.005, am = 135.91, an = −13.913, m = 4.436, n = 12, l = 1,
Esub = 4.8, γ0c = 1.85, σm = 0.84, σn = 0.4, γi = 0.5 and Ea = 15. The units of measure
correspond to the initial units of P = 1 GPa, V = 1 cm3/g and E = 1 kJ/g.
The cold-compression curve presented in figure 1 characterizes the accuracy of calculations of
the pressure of tungsten at T = 0 K as a function of compression ratio, Pc(σ). As one can see, the
approximation relations proposed previously for Pc(σ) are applicable in the region of compression
ratios σ . 20 [12] or σ . 300 [16] and lead to large errors or nonphysical results at higher
densities. It should be noted that the applicability of relation (2) is restricted to the range in
which the motion of electrons can be considered as non-relativistic [25]: 5AmuEc/(3Z)≪ mec
2,
where me is the electron mass and c is the speed of light. This condition can be rewritten as
σ2/3 ≪ 2Zmec
2/(5AmuV0cb2), which yields the following limit of applicability with respect to
the compression ratio for the cold curve of tungsten obtained in this study: σ ≪ 3× 106.
Shock compressibility of tungsten is studied in experiments with samples of different initial
porositym = ρ0/ρ00 [26–35], where ρ00 is the initial density of samples, ρ0 = V0
−1. A comparison
of the results of calculations and the experimental data [26–35] presented in figures 2–4 shows
that the proposed EOS provides for a reliable description of the metal properties in wide ranges
of shock and particle velocities (Us and Up respectively), pressures and compression ratios.
Thus the EOS proposed for tungsten may be used effectively in numerical simulations of
processes of interaction of intense energy fluxes with the material.
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Figure 2. The Hugoniots of tungsten samples with different initial porosity (m). Experimental
data: I0—[26], I1—[27], I2—[28], I3—[29], I4—[30], I5—[31], I6—[32], I7—[33].
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Figure 3. The Hugoniots of tungsten samples with different initial porosity (m). Experimental
data: markers are designated analogously to figure 2.
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Figure 4. The Hugoniots of tungsten samples with different initial porosity (m). Experimental
data: markers are designated analogously to figure 2, except for I8—[34], I9—[35].
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